
Integration

Riemann integral

f : [a, b]→ R, f bounded
a = x0 ≤ x1 ≤ · · · ≤ xn = b Partition P ∈ P

∆xi = xi − xi−1

Mi = sup
x∈[xi−1,xi]

f(x)

mi = inf
x∈[xi−1,xi]

f(x)

U(P, f) =
n∑
i=1

Mi∆xi

L(P, f) =
n∑
i=1

mi∆xi
´ a
b f dx = inf

P∈P
U(P, f)´ a

b f dx = sup
P∈P

L(P, f)

[
´ a
b f dx =

´ a
b f dx] =⇒ [

´ b
a f dx =

´ a
b f dx]

We call the function Riemann integrable (f ∈ R).

Riemann Stieltjes integral

We proceed as we would with the Riemann inte-
gral but de�ne

g : [a, b]→ R, g monotonically increasing
∆xi = g(xi)− g(xi−1)

If the integral exists we write
´ b
a f dg or

´ b
a f(x) dg(x) with f ∈ L(g)

The Riemann integral is a special case of the Rie-
mann Stieltjes integral.

Improper (Riemann) integral

´∞
a f dx = lim

b→∞

´ b
a f dx´ b

−∞ f dx = lim
a→−∞

´ b
a f dx´∞

−∞ f dx = lim
a→−∞

´ c
a f dx+ lim

b→∞

´ b
c f dx´ b

a f dx = lim
d→c−

´ d
a f dx+ lim

e→c+

´ b
e f dx

Integrability

f ∈ L(h)⇐⇒
∀ε > 0∃P ∈ P : U(P, f, h)− L(P, f, a) < ε

f ∈ C0 =⇒ f ∈ L(h)

f monotone ∧ g ∈ C0 =⇒ f ∈ L(h)

If f is bounded and continuous for almost all
points, and g is continuous at every disconti-
nuity of f then f ∈ L(g).

g ∈ C1 =⇒´ b
a f dg =

´ b
a f · g

′ dx

Fundamental theorem of calculus

f ∈ C0([a, b]) =⇒
F (x) =

´ x
a f(t) dt

F ′(x) = f(x)

´ b
a f(x) dx = F (b)− F (a)

Elementary functions

f(x) →
´
f(x) dx

c → c · x
cx → c · x

2

2

xc → xc+1

c+1
c 6= −1

1
x
→ log x

cx → cx

log c

logc x → x log x−x
log c

c > 0, c 6= 1

1
xc

→ −x
(c−1)xc

x 6= 0, c 6= 1
√
x → 2

3
x3/2 x ≥ 0

ex → ex

lnx → x · log x− x x > 0

Hyperbolic functions

f(x) → d
dx
f(x)

sinhx → coshx
coshx → sinhx
tanhx → ln(coshx)
cothx → ln(sinhx)

arsinhx → x · arsinhx−
√

1 + x2

arcoshx → x · arcoshx−
√
x− 1

√
x+ 1

artanhx → x · artanhx+ 1
2

ln(1− x2)

arcothx → x · arcothx+ 1
2

ln(x2 − 1)

cschx = 1
sinh x

→ ln(tanh(x
2

))

sechx = 1
cosh x

→ arctan(sinh(x))

Trigonometric functions

f(x) → d
dx
f(x)

sinx → − cosx
cosx → sinx
tanx → − ln(cosx)
cotx → ln(sinx)

arcsinx → x · arcsinx+
√

1− x2
arccosx → x · arccosx−

√
1− x2

arctanx → x · arctanx− 1
2

ln(1 + x2)

arccotx → π
2
x− x · arctanx+ 1

2
ln(1 + x2)

cscx = 1
sin x

→ − ln
(
1+cos x
sin x

)
secx = 1

cos x
→ ln

(
1+sin x
cos x

)

Linearity of the integral

f, g ∈ L(h), c ∈ R´ b
a f + g dh =

´ b
a f dh+

´ b
a g dh´ b

a c · f dh = c ·
´ b
a f dh´ c

a f dh+
´ b
c f dh =

´ b
a f dh´ b

a f d(h1 + h2) =
´ b
a f dh1 +

´ b
a f dh2´ b

a f d(ch) = c ·
´ b
a f dh

Integration by parts´
f · g′ dx = f · g −

´
f ′ · g dx´

f · g dx = f ·G−
´
f ′ ·G dx

Choose f as the function that comes
�rst in ILATE (inverse trigonemet-
ric, logarithmic, algebraic, trigono-
metric, exponential).

Integration by substitution

´ b
a f(g(x)) · g′(x) dx =

´ g(b)
g(a)

f(y) dy y = g(x)

dy = g′(x) dx

Integration of rational functions

Every rational function ( R(x) = P (x)/Q(x) ) is integrable (where the function is
bounded).

(1) degP ≥ degQ =⇒ polynomial division
(2) degP < degQ =⇒ partial fraction decomposition

If real partial fraction decomposition is used then by completing the square and
the substitution with inverse trigonometric/hyperbolic function the integral can be
computed.

If complex partial fraction decomposition is used the resulting fractions are trivial.

ln(a+ bı) = 1
2

ln(a2 + b2) + ı arctan
(
b
a

)
, a > 0

Integration by reduction to a rational function

(a)
´
R(x, n

√
ax+ b) dx =

´
R( y

n−b
a

, y)n
a
yn−1dy

x = 1
a

(yn − b) dx = n
a
yn−1 dy

(b)
´
R(x,

√
ax2 + bx+ c) dx

completion of the square and linear substitution then (c)

(c)
´
R(y,

√
y2 ± 1) dy ∨

´
R(y,

√
1− y2) dy

substitute with sinh/cosh/cos

(d)
´
R(eax) dx =

´
R(y) 1

ay
dy

y = eax dx = 1
ay
dy

(e)
´
R(sinx, cosx) dx =

´
R( 1−y2

1+y2
, 2y
1+y2

) 2
1+y2

dy

y = tan(x
2

)

Line/path integral of a scalar �eld

f : U ⊂ Rn → R, γ : [a, b]→ Rn is a parameterization of C´
C f ds =

´ b
a f(γ(t)) · ||γ′|| dt

´
C c · (f + g) ds =

[
c ·
´
C f ds+

´
C g ds

]
Linearity´

y f ds =
´
γ◦ϕ f ds ϕ is any change

in parametrization

Line/path integral of a vector �eld

f : U ⊂ Rn → Rn, γ : [a, b]→ Rn is a parameterization of C´
C〈f , dx〉 ds =

´ b
a 〈f(γ(t)),γ′(t)〉 dt

´
γ〈c · (f + g), dx〉 = c ·

[´
γ〈f , dx〉+

´
γ〈g, dx〉

]
Linearity´

γ〈f , dx〉 =
´
γ◦ϕ〈f , dx〉 ϕ is any increasing change

in parametrization´
γ〈f , dx〉 = −

´
γ◦ϕ〈f , dx〉 ϕ is any decreasing change

in parametrization

If γ(a) = γ(b) we write
¸
C〈f , dx〉 and call C a closed curve.´

C〈f , dx〉 =
´
C f1dx1 + . . . + fndxn



Potential �eld

v : D ⊂ Rn → Rn, D region

If v(x) = ∇ϕ(x) we call v a potential �eld/scalar
�eld/gradient �eld/conservative �eld.

We call ϕ an antiderivative of v and −ϕ the potential of
v.´
γ〈v, dx〉 = ϕ(γ(b))− ϕ(γ(a))¸
γ〈v, dx〉 = 0

Vector �elds that are not potential �elds can often be decom-

posed into a potential �eld and a simpler non-potential vector

�eld.

Potential �eld test

D star domain, integrability condition
=⇒ f potential �eld
∂f1
∂x1

= ∂f2
∂x2

integrability condition (2D)

∇× f = 0 integrability condition (3D)

Antiderivative (method 1)

ϕ(x) =
´
C〈v, dx〉

where the endpoint of C is x and the initial point is �xed.

Antiderivative (method 2)

v =

 ϕx1
...

ϕxn


We determine ϕ (by integration) up to a a function C(x2, . . . , xn); then, with v2 we
determine ϕ up to a function of C(x3, . . . , xn)and so on.

This method leads to a contradiction if v is not a potential �eld.

Multiple integral
´
. . .
´
D f(x1, . . . , xn) dx1 . . . dxn or

´
D f dx

The multiple integral is linear.

D ⊂ R = [a, b]× [c, d]´
D f d(x1, . . . , xn) =

´
R 1D · f d(x1, . . . , xn)

Fubini's theorem´
A×B f d(x, y) =

´
A[
´
B f dy] dx =

´
B [
´
A f dx] dy´

[a,b]×[c,d] f d(x, y) =
´ b
a

´ d
c [f dy] dx =

´ d
c

´ b
a [f dx] dy

Computation: R2

f(x, y) · 1D(x, y) ∈ L

D = {(x, y)|a ≤ x ≤ b, l(x) ≤ y ≤ u(x)}
=⇒

´
D f d(x, y) =

´ b
a

(´ u(x)
l(x)

f dy
)
dx

D = {(x, y)|l(y) ≤ x ≤ r(y), c ≤ y ≤ d}
=⇒

´
D f d(x, y) =

´ d
c

(´ r(y)
l(y)

f dx
)
dy

Computation: R3

D = {(x, y, z)|a ≤ x ≤ b, u(x) ≤ y ≤ v(x), g(x, y) ≤ z ≤ h(x, y)}
=⇒

´
D f d(x, y, z) =

´ b
a

(´ v(x)
u(x)

(´ h(x,y)
g(x,y)

f dz
)
dy
)
dx

Transformation

B,D ⊂ Rn, bounded, open
F : D → B, di�eomorphism
f : B → R , bounded´
F (D) f dx =

´
D f(F (u))|detF ′| du

Improper integrals

D ⊂ Rn, open
f : D → Rn, f ∈ C0

Aj ⊂ Aj+1 ∧
∞⋃
j=1

Aj = D
´
D f dx = lim

j→∞

´
Aj

f dx

If the integral exists and is equal for all A

Divergence theorem/Gauss's theorem

B ⊂ Rn, compact, ∂B piecwise smooth boundary
f : Rn → Rn, f ∈ C1(B) ∩ C0(∂B)
=⇒

´
B divf d(x, y) =

¸
∂V 〈f , dn〉

Green's theorem

B ∈ R2, positively oriented, ∂B
∂B piecewise smooth, simple closed curve in R2

=⇒
´
B curlf d(x, y) =

¸
∂B〈f , dx〉

Green's theorem is the 2D special case of Stokes' theorem.

Kelvin-Stokes theorem/Stokes' theorem
¸
∂S〈f , dx〉 =

´
S〈curlf , dS〉

Surface (Parametrization)

D ⊂ R2, D open, connected

Φ : D → R3 : (u, v) 7→

 x(u, v)
y(u, v)
z(u, v)


Surface integral of a potential �eld

S = Φ(B) ⊂ R3, Φ regular
f : S → R, f ∈ C0´
S f dS =

´
B f(Φ(u, v)) · | ∂Φ

∂u
× ∂Φ

∂v
| d(u, v)

Surface integral of a vector �eld

S = Φ(B) ⊂ R3, Φ regular
f : S → R3, f ∈ C0´
S〈f , dS〉 =

´
B〈f(Φ(u, v)), ∂Φ

∂u
× ∂Φ

∂v
〉 d(u, v)

Area/Volume
The integral is the (signed) area under a function. The
double integral is the (signed) volume under a function and´
D 1 d(x, y) is the area of the set D. The triple integral´
D 1 d(x, y, z) is the volume of the set D.

More applications can be found in the sciences (mass from
density, center of mass, moment of inertia, ...).

Arc length

s =
´ b
a ||ẋ(t)|| dt

s =
´ b
a

√
1 + f ′(x) dx

ds = ||ẋ(t)|| dt

Solid of revolution

V = π
´ b
a f(x)2 dx x is aor

V = 2π
´ b
a x · f(x) dx y is aor

Surface of revolution (of a function)

M = 2π
´ b
a f(x) ds x is aor

M = 2π
´ b
a f(x) ·

√
1 + f ′(x)2 dx x is aor

M = 2π
´ b
a f
−1(y) ·

√
1 + ((f−1(y))′)2 dy y is aor

Surface of revolution (of a curve)

M = 2π
´ b
a x2(t) ds x is aor

M = 2π
´ b
a x1(t) ds y is aor

aor stands for axis of revolution.


