Integration

Riemann integral

f:la,b] = R, f bounded

Riemann Stieltjes integral

‘We proceed as we would with the Riemann inte-

Integrability
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We call the function Riemann integrable (f € R). ~/a fde = dl_‘,‘?_ ja fdz+ elirél+ je fdx ff f(x)de = F(b)— F(a)
Elementary functions Hyperbolic functions Trigonometric functions
f@) = [f(z)de f@) = i@ f@) — fLf@)
c — c-z sinhz — coshz sinx — —cosx
cr — c- a? coshx — sinhz cosr — sinz
c 2ot tanhz — In(coshz) tanz — —In(cosz)
—1
xl - 1‘3+1 7 cothz — In(sinhz) cotz — In(sinx)
i - OC%Z arsinhx — z-arsinhz — V1 + 22 arcsinz — x-arcsinz + V1 — 22
¢ - loFc arcoshr — z-arcoshr — vz — 1z +1 arccosTt — T -arccosx — V1 —x?
log,.z — =% cl’fgmc_T c>0,c#1 artanhr — x-artanhz + 1%ln(l —xz2) arctanz — -arctanz — % 5 In(1 + z2)
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e — €7 sechr = ——— — arctan(sinh(z)) secx — ﬁ ~ I (13%[)
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Linearity of the integral Integration by parts Integration by substitution
f9€Lh), c€R [f-gde = f-g9=[f .gde 2 fg@)-g' @) do =[5 f(y) d y = g(z)
ff+gdh = ffdh+f g dh [f-gdz = f-G-[f -Gdo dy = ¢'(z) dx
f c- fdh = c- f fdn Choose f as the function that comes
fcf dh + f fdh = f f dh first in ILATE (inverse trigonemet-
f fd h1 +hg) = f f dhy + f f dho | ric, logarithmic, algebraic, trigono-
f fd(ch) = c- f fdh metric, exponential).

Integration of rational functions

Every rational function (
bounded).

(1)
2)

deg P > deg@ = polynomial division

If real partial fraction decomposition is used then by completing the square and
the substitution with inverse trigonometric/hyperbolic function the integral can be

computed.

If complex partial fraction decomposition is used the resulting fractions are trivial.

In(a + b2) = L In(a? + b?) + rarctan (%) ,a>0

R(z) = P(x)/Q(x) ) is integrable (where the function is

deg P < deg@Q — partial fraction decomposition

(@) [R(=

xTr =

J Rz

completion

Sl

()

(c)

() ‘/'R(e‘“

y = e

(e)
y = tan(3)

J R(sinz, cos x)

Integration by reduction to a rational function

, Vaz ) de = [R(L2,y) 2y
(y™ —b)

,Vaz? + bz + ¢) dz

nfldy

der = %y"’l dy

of the square and linear substitution then (c)

TRy, Vy2£1) dy v [R(y,/1—-y?) dy

substitute with sinh/cosh/cos

dz = [R(y),; dy
dx = a—lydy

dz = IR(1+y2:1+y2)1+y dy

Line/path integral of a scalar field

f:UCR" >R, ~:
Jo fds=[2F(v®) - 17| dt

Jee (f+g)ds=[c- [ofds+ [ogds]
Jy fds= [, fds

Linearity [ (f+g)dx)=c- [/'W(f,dac) + [, (g, dz) ]
¢ is any change [ (f de) = [.__(f,d)
in parametrization v o’
JAF dx) = = [ (F, dz)
If v(a)

[a,b] — R™ is a parameterization of C'

F:UCR" - R™, ~:
[ (Foda) ds = [P(F(v(£)),~

fc(f,dw> :fcfldﬂh + ...

Line/path integral of a vector field

[a,b] — R™ is a parameterization of C'

() dt

Linearity

¢ is any increasing change
in parametrization

¢ is any decreasing change
in parametrization

= ~(b) we write - (f,dx) and call C a closed curve.
+ fndzn




Potential field
v:D CR"” - R",

It v(x) Veo(x) we call v a potential field/scalar
field /gradient field/conservative field.

D region

We call ¢ an antiderivative of v and —¢ the potential of
v.

J (v, dx)
$ (v, d)

Vector fields that are not potential fields can often be decom-

w(v(b))
0

—¢(v(a))

posed into a potential field and a simpler non-potential vector Paq
field. v = .
Py
We determine ¢ (by integration) up to a a function C(z2,...,zn

Potential field test

D star domain, integrability condition
= f potential field

G0 — 252 integrability condition (2D)
V x f =0 integrability condition (3D)

Antiderivative (method 1)

= fC <’l), d:12>
where the endpoint of C' is & and the initial point is fixed.

Antiderivative (method 2)

determine ¢ up to a function of C(zs,...,z,)and so on.

This method leads to a contradiction if v is not a potential field.

); then, with vo we

Multiple integral

[ Jpflzr,...,xn) day .. .den or [ f de
The multiple integral is linear.

D C R=a,b] X [c,d]

Jpfd@,...,an) = [p1p - f d(z1,...,20)

Fubini’s theorem

fAXB fd([l,‘,y)
f[a’b]X[c,d] f d(xzy)

Computation: R2

Jallg £ dy] du= [R[[, f dz] dy
J2J21f dy) dae = [ [P1f da] dy

f(mvy) : 1D($7y) P
D ={(z,y)la <z <bl(z) <y <u(z)}
= Jp I dly) = J3 (Fi) 1 d) de

D ={(zyli(y) <z < (y)0<y<d}
= p £ d(e.y) = L (1Y) £ dw) dy

Computation: R3

D ={(z,y,2)|la <z < bu(r) <y <v(z),g(z,y) <z < h(z

9}

Transformation

B, D C R™, bounded, open

F : D — B, diffeomorphism
f:B— R, bounded

fF(D) [ de = [, f(F(u))|det F'| du

Improper integrals

D C R", open
f:D—=R", feCO
TCAJ'+1 N UA =D

ijd:cf hm jA f d=z

If the 1ntegral exlsts and is equal for all A
Divergence theorem/Gauss’s theorem

B C R™, compact, B piecwise smooth boundary
f:R* - R", fecCY(B)NC°(HB)
g fB divf d(z,y) = %V(f,dn}

Green’s theorem

B € R?, positively oriented, 9B
OB piecewise smooth, simple closed curve in R2

i fB curlf d(:l?, y) = ¢8B <f7 dw>

_ b (v(z) [ rh(z,y)
- d(z,y,z) = ( ( dz) )
Ip fd@y.2) = Ja f“(:") fg(’c’y) f Green’s theorem is the 2D special case of Stokes’ theorem.
Kelvin-Stokes theorem/Stokes’ theorem
%S(‘f,dw> = fs(curlf,dS)
Surface (Parametrization) Area/Volume
9 The integral is the (signed) area under a function. The
D CR?, D open, connected double integral is the (signed) volume under a function and
] 3. @(u,v) Jp1 d(z,y) is the area of the set D. The triple integral
2: DR (u0) = ygu, Ug Jp 1 d(z,y,z2) is the volume of the set D.
z(u,v

Surface integral of a potential field
S = ®(B) C R3, ® regular
f:S—=R, feco
Js £ dS = [ (@) |55 x

Surface integral of a vector field

S = ®(B) C R3, ® regular
f:S—=R3 fec°
Js(F,dS) = [5{f(®(u,v)),

Sel d(u,v)

o%®

e % G2) d(u,v)

More applications can be found in the sciences (mass from
density, center of mass, moment of inertia, ...).

Arc length
s = f [l ()] dt
s = q L+ f'(z) d
ds = |[[&@)] dt
Solid of revolution
vV = 7Tf f x is aor
\% 27rf T - f dx y is aor

Surface of revolution (of a function)

M = 27rf f(x) ds x is aor
M = 27rf f(z) \/1 + f'(z d:c x is aor
M 27rf ft \/1+( L(y)))2 dy yisaor

Surface of revolution (of a curve)

M
M

) ds
) ds

27 f ot z is aor

27rf 1 (t

y is aor

aor stands for axis of revolution.




